Introduction.
In the Newtonian potential theory, the potential of a unit point charge is 1/r where r is the distance to the point. Then the potential u of any distribution of charges satisfies the Laplace equation Ai = 0 at points of free space.
In order to have a nuclear force potential which decays rapidly at infinity, Yukawa proposed that the Another important property of Yukawa potentials is that they approach those of Newton as |i approaches zero.
This property will be manifest in the formulas studied in this paper.
The function e /r is a member of the Bessel family In particular the v-regular functions can be expanded in a series analogous to the Taylor series.
It proves possible to define contour integrals of V-regular functions. This leads to an integral which is v-regular. Also for a closed contour there is a direct analog of the Cauchy integral formula.
The behavior of a v-regular function at a zero point is essentially the same as that of a holomorphic function at a zero point. Pursuing this idea shows that the theorem of Rouche for holomorphic functionsapplies without change to v-regular functions.
Unfortunately, a product of v-regular functions is not a v-regular function,so here the analogy with holomorphic functions breaks down. A similar difficulty was encountered in the theory of discrete analytic functions (a difference equation theory). There the difficulty was mitigated by the introduction of a convolution product [4, 5] . This work, together with the work of H. Lewy [7] suggested a resolution of the 'product problem 1 . Thus if f and g are two v-regular functions, a convolution product f*g is so devised to again be a v-regular function.
By means of a transformation some of the results in this paper may be related to the very general theory of pseudo-analytic functions developed by Bers, Vekua and others [1] . However the equations treated here are simpler.
It results that the proofs given here are much simpler and yield formulae in explicit analytic form. By another transformation some of the concepts treated here can be related to regular quaternion functions [3] . It would be of some interest to study these comparisons but this will hot be attempted.
It is worth noticing that Bessel potentials have certain advantages over Newtonian potentials in functional analysis.
Such questions have been treated with great generality by
Aronszajn and Donoghue [2] . Thus (7) is always true. Then Ufx,y,0) = u(x, y) so if (x,y) is an interior point of R we see that (5) follows from (7) and the proof is complete. But cos z > 0 so U (P) <2 U -(P) for every P in T . (12) p(t) ^ 0, and
For y > 0 the inequalities (13) are strict unless u(x,0) is £ constant.
Proof. Let U(x,0,z) be continuous and uniformly bounded for all x and z. Then for y > 0 a harmonic function U(x,y,z) is defined by Poisson's integral formula,
In particular let us substitute U(x, 0,z) = cos |jz u(x, 0) in this formula to obtain
Make the change of variable z' = z" + z so cos |az' = cos uz cos |iz" -sin (jz sin uz".
Then integrating with respect to z" it is only necessary to retain the part of the integrand which is even with respect to z".
The integrand is absolutely convergent so we may evaluate The left side of inequality (13) follows by an analogous argument, and this completes the proof of Theorem 5. There are several other theorems which follow from the correspondence principle but these questions will not be pursued.
Modified Bessel functions.
The following result is the analog of the Gauss mean value theorem.
Theorem 6. Let u(x,y) be panharmonic in the circular t is easy to check that letting
gives an independent solution of equation (3). The function K (x) is the modified Bessel function of the second kind, o
It follows from (6) and (7) According to Theorem 4, p ^ 0. This together with (9) proves the last statement of Theorem 7.
The next result is a sharpened form of the maximum principle given in Theorem 1. It is worth noticing that Theorems 5,6 and 8 bring to light a characteristic property of panharmonic functions.
The inference is that these functions decay exponentially as a point moves away from the boundary into the interior of 
f n (r) = (2TT)" 1 J u(r,9)e~i n° d6.
Letting f' denote differentiation with respect to r we
f" +r L f -|i f -n r f = n 11 n n (2 7 f)~1 J ^[U" + r" 1 u' -^2 u -n 2 r~2 u]e" in6 d8
But u satisfies equation (2) Among other things these studies have led to interesting algebraic structures [8] .
Here we wish to replace the two-dimensional Yukawa (1) F(z) = j cosh n(y-y')f(z')dz'
Proof. Let a function g (z 1 ) be defined as (2) g + (z') = cosh M(y-y') + i sinh |i(y-y').
Then we see that
•g-7 g + (z') = -M. sinh H(y-y') -in cosh |i(y-y'), Lg (z 1 ) = -|ii sinh |i(y'-y) + |i cosh n(y'-y).
Thus g (z') is right regular. Likewise is independent of the contour joining 0 and z and is a.
panharmonic function of z.
Proof, As a function of z 1 it is seen that f(z') is right regular and g(z-z') is left regular. Thus Theorem 16
is applicable and for a closed contour T (10) Im f f(z')g(z-z')dz' = 0.
J r
Suppose w had a different value for two contours connecting 0 and z, say T, and F 2 . Then employing a standard argument, relation (10) would be contradicted. This proves the first part of the theorem.
The contour F, is arbitrary, so choose it such that contiguous to z it becomes a line segment parallel to the
Likewise choose a contour F 2 which contiguous to the point z is a line segment parallel to the y-axis. This gives the functional <E> 2 and we see that Here the first integral is over F. and the second integral is over F n . But g is also right regular so the 2 J yy imaginary part of these integrals can be evaluated by an arbitrary contour. Taking the imaginary part of (13) Take c = nl 2 n li"
11 "" 1 and
Then u = n< 2 n la" Referring to (8) we see that this means (9) a n _ x =27^ a* n = 0,1,2... . Papers [9] and [10] in the following list of references have been added only to show that the electrical or thermal flow in a plate with leakage is governed by the Yukawa equation.
